The eta invariant of twisted products of even dimensional manifolds whose fundamental group is a cyclic 2 group  by Barrera-Yanez, Egidio
                 
The eta invariant of twisted products of even
dimensional manifolds whose fundamental
group is a cyclic 2 group∗
Egidio Barrera-Yanez1
Departamento de Matematicas, Centro de Investigacion del IPN (CINVESTAV) Apartado Postal 14-740
Mexico D. F. 07000, Mexico
Communicated by P.B. Gilkey
Received 23 June 1998
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0. Introduction
Let M be a closed spin manifold of dimension m. We shall assume that m is at least 5 to
ensure that certain surgery arguments work; these arguments fail in lower dimensions. If g is a
Riemannian metric on M , let D(M, s, g) be the associated Dirac operator defined by the spin
structure s. We define the Aˆ genus as follows:
(1) If m ≡ 0 mod 4, decompose D(M, s, g) = D+(M, s, g) + D−(M, s, g) and let
Aˆ(M, s, g) := dim ker(D+(M, s, g)) − dim ker(D−(M, s, g)) ∈ Z; the D± are the chiral
spin operators.
(2) If m ≡ 1 mod 8, let Aˆ(M, s, g) = dim ker(D(M, s, g)) ∈ Z2.
(3) If m ≡ 2 mod 8, let Aˆ(M, s, g) = 12 dim ker(D(M, s, g)) ∈ Z2.
(4) If m 6≡ 0, 1, 2, 4 mod 8, let Aˆ(M, s, g) = 0.
One can use the Atiyah–Singer index theorem to show Aˆ(M, s) = Aˆ(M, s, g) is independent of
the metric g. If M is simply connected, the spin structure s is unique and we let Aˆ(M) = Aˆ(M, s).
If M admits a metric of positive scalar curvature, the formula of Lichnerowicz [14] shows
there are no harmonic spinors; consequently Aˆ(M, s) = 0. In other words, if there exists a
spin structure s on M so that Aˆ(M, s) 6= 0, then M does not admit a metric of positive scalar
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curvature. Gromov and Lawson conjectured that the Aˆ genus might be the only obstruction to
the existence of a metric of positive scalar curvature if the dimension m was at least 5 and if M
was a simply connected spin manifold. Stolz [22] established this conjecture by proving:
0.1. Theorem. If M is a simply connected, closed, spin manifold of dimension m > 5, then M
admits a metric of positive scalar curvature if and only if Aˆ(M) = 0.
The situation in the non-simply connected setting is quite different. Rosenberg has modified
the original conjecture of Lawson and Gromov. Fix a group pi . Let M be a connected manifold
of dimension m > 5 with fundamental group pi and spin universal cover. Rosenberg conjectured
that M admits a metric of positive scalar curvature if and only if a generalized equivariant index
αpi of the Dirac operator vanishes. For the fundamental groups that we shall be considering, αpi
can be expressed in terms of the A-roof genus defined above, see 1.12 for details. Kwasik and
Schultz [12] showed the Gromov–Lawson–Rosenberg conjecture holds for a finite group pi if
and only if the conjecture hods for all the Sylow subgroups of pi . Thus one can work one prime
at a time. The Gromov–Lawson–Rosenberg conjecture has been established in the following
cases:
(1) If pi is a spherical space form group and if M is spin (Botvinnik, Gilkey and Stolz [6]).
(2) If pi is cyclic and if M admits a flat spinc structure (Botvinnik and Gilkey [4] and Kwasik
and Schultz [13]).
(3) If pi = Zp ⊕ Zp and if p an odd prime (Schultz [21]).
(4) If pi belongs to a short list of infinite fundamental groups including free groups, free
abelian groups and fundamental groups of orientable surfaces (Rosenberg and Stolz [18]).
Note that Schick [19] has shown that this conjecture fails in some instances so it is crucial
to investigate the precise conditions under which the Aˆ genus carries the full set of obstruc-
tions.
The interesting phenomena in the papers cited above are in odd dimensions and the mani-
folds in question are orientable spinc manifolds. In this paper, by contrast, we shall be primarily
interested in non-orientable even dimensional pin and pinc manifolds. Here is a brief guide
to the paper. In Section 1, we present the necessary analytical preliminaries. Henceforth let
` = 2ν > 2 and let Z` be the cyclic group of order `. Let M be a manifold of dimension
m with fundamental group Z` and spin universal cover M˜ . If m is even, we assume M non-
orientable; if m is odd, we assume M orientable. In 1.3, we define a twisted product N (M) of
dimension 2m associated to M which is non-orientable and which has a canonical pinc struc-
ture. Our fundamental analytic result, stated in Theorem 1.6, relates the eta invariants of N (M)
and M if m is even; this generalizes previous work of Gilkey [9] relating the eta invariants
of N (M) and M if m is odd. In Section 2 we recall results concerning Clifford algebras, in-
troduce the equivariant eta invariant, and prove Theorem 1.6. In Section 3, we shall use the
results of Section 2 to compute the additive structure of some equivariant connective K -theory
groups; see Theorem 3.1 for details. In Section 4, we shall show that the moduli space of
metrics of positive scalar curvature on certain non-orientable manifolds has an infinite number
of arc components; see Theorem 4.1 for details. In Section 5, we shall prove the Gromov–
Lawson–Rosenberg conjecture for certain non-orientable manifolds; see Theorem 5.1 for de-
tails.
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1. Analytic preliminaries
1.1. Notational conventions. Let g` = e2pi
√−1/` be the canonical generator of the cyclic group
Z` = {λ ∈ C : λ` = 1} where ` = 2ν > 2. Let ρs(λ) := λs ; the ρs for s in the Poincare dual
Z∗` := Z/`Z parametrize the irreducible unitary representations of Z`. Let P be the universal
principal Z` bundle over the classifying space BZ`. If f : M 7→ BZ` is a Z` structure on a
manifold M , let P(M) := f ∗P be the associated Z` principal bundle over M . If pi1(M) = Z`
and if f defines the canonical Z` structure over M , then P(M) is the universal cover M˜ of M .
1.2. The eta invariant. Let M be a compact Riemannian manifold of dimension m. If m is
even, we assume that M admits a pinc structure s; if m is odd, we assume that M admits a
spinc structure s; see 2.1 and Gilkey [8] for further details. We assume M is equipped with
a Z` structure f . If ρ is a representation of Z`, let Pρ be the Dirac operator defined by a
metric g and the (s)pinc structure s with coefficients in the locally flat bundle of spinors 1ρ
over M defined by ρ. The operator Pρ is of Dirac type; there is a discrete spectral resolution
L2(1ρ) =
⊕
λ E(λ, Pρ). The eigenspaces E(λ, Pρ) are finite dimensional subspaces of the
C∞(1ρ). Let {λn} denote the eigenvalues of Pρ where each eigenvalue is repeated according to
multiplicity; we have |λn| → ∞. The eta function is defined by
η(Pρ)(z) :=
∑
λn 6=0
sign(λn)|λn|−z + dim E(0, Pρ)
:=
∑
λ6=0
dim(E(λ, Pρ)) sign(λ)|λ|−z + dim E(0, Pρ).
This sum converges to define a holomorphic function of z for <e(z)À 0; it has a meromorphic
extension to C which is regular at z = 0; see [8]. The eta invariant is a measure of the spectral
asymmetry of Pρ which is defined by
η(M, f, s)(ρ) := 12 {η(Pρ)(z)}z=0.
The eta invariant is additive with respect to direct sums and extends to the group representation
ring RU (Z`).
1.3. Twisted products. Let f be a Z` structure on a compact connected Riemannian manifold
of dimension m. If m is even, assume that M is not orientable and that the line bundle ρ`/2(M)
carries the orientation of M ; if m is odd, we assume that M is orientable. Let P(M) be the
associated Z` principal bundle; P(M) is orientable. The action of the generator g` on P(M)
reverses the orientation if m is even and preserves the orientation if m is odd. We assume that
P(M) has a given spin structure and lift the action of g` to a morphism g˜` of the principal Pin−
bundle over P(M). Then g˜`` covers the identity map of P(M) so g˜`` = ±1. If g˜`` = +1, then
M admits a (s)pin− structure sM so that the associated complex line bundle det(sM) is trivial;
if g˜`` = −1, then M admits a (s)pinc structure sM so that the associated complex line bundle
det(sM) is given by the representation ρ1. Give P(M) × P(M) the product spin structure. We
define a fixed point free action of Z2` on P(M)× P(M) by g2` : (x, y)→ (g` · y, x). Let
N := N (M) := P(M)× P(M)/Z2` (1.4)
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be the resulting quotient manifold. If m of M is even, the flip (x, y) → (y, x) preserves
orientation of P(M)×P(M). Sinceρ`/2 carries the orientation of M , g` reverses the orientation of
P(M). If m is odd, the flip reverses the orientation and g` preserves the orientation. Consequently
regardless of the parity of m, the map g2` reverses the orientation of P(M) × P(M) so N is
not orientable. If m is odd, then Gilkey [9] showed N admits a canonical pinc structure; we
generalize this result to the even dimensional case in Section 2. If g˜`` = 1 let b = 0; if g˜`` = −1,
let b = 1. Then det(sM) = ρb.
The main analytical result of this paper is the computation of the eta invariant of N in terms
of the eta invariant of M . If m is odd, Gilkey proved [9] that:
1.5. Theorem. Let m be odd and let M and N (M) be as above. If m ≡ 3mod 4, let β = 0; if
m ≡ 1mod 4, let β = `/2.
(1) If u = 2v − b + β, then η(N )(ρu) = η(M)(ρv)+ η(M)(ρv−`/2) in R/Z.
(2) If u = 2v − b + β + 1, then η(N )(ρu) = 0 in R/Z.
(3) If there are no harmonic spinors on P(M), the equalities above hold inR not justR/Z.
In Section 2, we generalize this result to even dimensional twisted products:
1.6. Theorem. Let m be even and let M and N (M) be as above.
(1) If ` = 2, then we have:
1a) If u = 2s − b + m/2, then η(N )(ρu) = η(M)(ρs) in R/Z.
1b) If u = 2s − b + 1+ m/2, then η(N )(ρu) = η(M)(ρs) in R/Z.
(2) If ` > 2, then we have:
2a) If u = 2s − b + m/2+ `/4, then η(N )(ρu) = η(M)(ρs + ρs+`/4) in R/Z.
2b) If u = 2s − b + m/2+ `/4+ 1, then η(N )(ρu) = 0 in R/Z.
(3) If there are no harmonic spinors on P(M), then these equalities hold in R.
1.7. Equivariant spin bordism. Let ξ be a real vector bundle over BZ`. The equivariant spin
bordism groups MSpinm(BZ`, ξ) are equivalence classes of triples (M, f, s) where M is a
closed manifold of dimension m which need not be connected, f is a Z` structure on M , and s
is a spin structure on T (M) ⊕ f ∗ξ ; we define the relation (M, f, s) ∼ 0 in MSpinm(BZ`, ξ)
if there exists a compact manifold Y with boundary M so that the structures s and f extend
over Y .
Let M be a manifold with pi1(M) = Z` whose universal cover P(M) admits a spin structure.
Let ρ be a representation of Z`. There exists 0 6 i 6 3 and a suitable structure s so that
[(M, f, s)] ∈ MSpinm(BZ`, ξi ). Only the first two Stiefel Whitney classes ωi for i = 1, 2 of
the twisting bundle ξ play a role. There are 4 cases to consider:
(1) We have ω1(ξ0) = 0 and ω2(ξ0) = 0. We may take ξ0 to be the trivial line bundle and
identify MSpinm(BZ`, ξ0) with the ordinary equivariant spin bordism groups MSpinm(BZ`);
such a manifold M admits a canonical spin structure s we use to define the eta invariant
η(M, f, s)(ρ) if m is odd.
(2) We have ω1(ξ1) = 0 and ω2(ξ1) 6= 0. We may take ξ1 to be the underlying real 2 plane
bundle of the complex line bundle defined by the representation ρ1. Such a manifold M admits
a canonical spinc structure s with determinant line bundle given by ρ1 we use to define the eta
invariant η(M, f, s)(ρ) if m is odd.
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(3) We have ω1(ξ2) 6= 0 and ω2(ξ2) = 0. We may take ξ2 to be the real line bundle defined
by ρ`/2. Such a manifold M admits a canonical pin structure s we use to define the eta invariant
η(M, f, s)(ρ) if m is even.
(4) We have ω1(ξ3) 6= 0 and ω2(ξ3) 6= 0. We may take ξ3 = ξ1 ⊕ ξ2. Such a manifold M
admits a canonical pinc structure s with determinant line bundle given by ρ1 we use to define
the eta invariant η(M, f, s)(ρ) if m is even.
1.8. Equivariant connective K -theory. Let Thom(ξ) be the associated Thom space of the k
dimensional real vector bundle ξ over BZ`. The equivariant connective K -theory groups are
defined by
kom(BZ`, ξ) = k˜om+k(Thom(ξ)).
Let HP2 be the quaternion projective space with the usual homogeneous metric of positive
scalar curvature. Let HP2 → E → B be a fiber bundle where the transition functions are the
group of isometries P Sp3 of HP2. Since HP2 is simply connected, the projection p : E → B
induces an isomorphism on the fundamental group; any Z` structure on E arises from a Z`
structure on B. Let Tm(BZ`, ξ) be the subgroup of MSpinm(BZ`, ξ) generated by the total
spaces E of geometric fibrations with fiberHP2. Stolz [23] has given the following geometrical
characterization of these groups localized at the prime 2:
kom(BZ`, ξ)(2) = {MSpinm(BZ`, ξ)/Tm(BZ`, ξ)}(2).
The reduced groups k˜om(BZ`, ξ) are torsion 2-groups so it is not necessary to localize at the
prime 2.
1.9. The eta invariant, bordism, and K -theory. As noted above, we can define the eta invariant
η(M, f, s)(ρ) if m is odd and if ξ = ξ0, ξ1. We can also define the eta invariant if m is even and
if ξ = ξ2, ξ3. The eta invariant extends to the equivariant spin bordism groups MSpinm(Z`, ξ)
and to the equivariant connective K -theory groups kom(BZ`, ξ); these invariants are supported
on the reduced bordism and K -theory groups. Let RU0(Z`) be the augmentation ideal of rep-
resentations of virtual dimension 0. We refer to [4, 6, 9] for the proof of the following result.
1.10. Theorem. Let ρ ∈ RU (Z`).
(1) Let m be odd and let i = 0, 1. If m = 4k + 3, assume ρ ∈ RU0(Z`). The map M →
η(M, f, s)(ρ) extends to homomorphisms ηρ from MSpinm(BZ`, ξi ) and from kom(BZ`, ξi ) to
R/Z. If m ≡ 3 mod 8, if i = 0, and if ρ is real, then we can extend ηρ to take values in R/2Z.
(2) Let m be even and let i = 2, 3. The map M → η(M, f, s)(ρ) extends to homomorphisms
ηρ from MSpinm(BZ`, ξi ) and from kom(BZ`, ξi ) to R/Z. If m ≡ 2 mod 8, if i = 2, and if ρ is
real, then we can extend ηρ to take values in R/2Z.
1.11. Geometrical bordism groups. Let τ = τ(g) := Ri j ji be the scalar curvature of a Rie-
mannian metric g; we consider quadruples (M, f, s, g)where (M, f, s) are as in 1.7, and where g
is a metric of positive scalar curvature on M ; necessarily m > 2. The geometric equivariant spin
bordism groups +MSpinm(BZ`, ξ) are defined similarly to the bordism groups MSpin(BZ`, ξ).
For m > 2, we consider quadruples (M, f, s, g) as above and say that (M, f, s, g) ∼ 0 if there
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exists a compact manifold Y with boundary M so that the structures s and f extend over Y and so
that the metric g extends over Y as a metric of positive scalar curvature which is the product near
the boundary M . The forgetful functor defines a natural homomorphism from+MSpinm(BZ`, ξ)
to MSpinm(BZ`, ξ). Let MSpin+m(BZ`, ξ) be the image of +MSpinm(BZ`, ξ) under the for-
getful functor. The elements of Tm(BZ`, ξ) admit metrics of positive scalar curvature, see [6]
for details. Let ko+m(BZ`, ξ) be the image of MSpin+m(BZ`, ξ) in kom(BZ`, ξ).
1.12. The invariant a
p
. Let i = 0, 2 and let [(M, f, s)] ∈ MSpinm(BZ`, ξi ). We express the
invariant αpi of Rosenberg [16] in terms of the Aˆ genus as follows:
(1) If m ≡ 0 mod 4, let αpi(M, f, s) := Aˆ(P(M)) ∈ Z.
(2) If ξ = ξ0 and if m ≡ 1, 2 mod 8, let sL be the spin structure s twisted by the representation
ρ`/2. Let αpi(M, f, s) := Aˆ(M, s)⊕ Aˆ(M, sL) ∈ Z2 ⊕ Z2.
(3) If ξ = ξ2 and if m ≡ 2 mod 8, let αpi(M, f, s) := Aˆ(P(M)) ∈ Z.
(4) Set αpi(M, f, s) := 0 otherwise. Let tom(BZ`, ξi ) := k˜om(BZ`, ξi )∩ ker(αpi). We define
short exact sequences:
0→ to8k+1(BZ`)→ k˜o8k+1(BZ`)→ Z2 → 0
0→ to8k+2(BZ`, ξ2)→ k˜o8k+2(BZ`, ξ2)→ Z2 → 0
(1.13)
We remark that the first sequence in equation (1.13) splits if k > 1 and if ` = 4 and that the
second sequence in equation (1.13) splits if k > 0 for any `; see [2] for details.
2. The proof of Theorem 1.6
2.1. Clifford algebras. Let m be even throughout Section 2. Let Clif−(Rm) be the real Clifford
algebra; this is the universal unital algebra generated byRm subject to the Clifford commutation
relations v ∗ w + w ∗ v = −2(v,w) for v,w ∈ Rm . Let {e1, . . . , em} be an orthonormal basis
for Rm . The orientation class is defined by
ωm =
√−1m/2 e1 ∗ · · · ∗ em ∈ Clif−(Rm).
Since m is even, we have ω2m = 1. Let 1m be the spin representation. Clifford multiplication
defines a map cm : Rm ⊗R 1m → 1m such that cm(ξ)2 = −‖ξ‖2. We define the associated
Clifford multiplication
c˘m(ξ) =
√−1 cm(ωm)cm(ξ). (2.2)
Since ωm anticommutes with ξ , c˘m(ξ)2 = −‖ξ‖2. Thus c˘m also defines a representation of
Clif−(Rm) on 1m . Note that c˘m(ωm) = cm(ωm); also note that cm(ξ) = −
√−1c˘m(ωm)c˘m(ξ).
Let Pin−(m) be the multiplicative subgroup of Clif−(Rm) which is generated by the unit sphere
of Rm . Let χ : Pin−(m)→ Z2 be the orientation representation defined by χ(g) = χ(v1 ∗ · · · ∗
vk) = (−1)k ;
cm(ωm)cm(g) = χ(g)cm(g)cm(ωm).
Let Spin(m) := ker(χ) ∩ Pin−(m). If g ∈ Spin(m), then cm(g) = c˘m(g). Let ψ(g)(ξ) :=
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χ(g)g ∗ ξ ∗ g−1 define a representation from Pin−(m) to O(m). The following diagram:
Rm ⊗1m
c˘m−−→ 1m
(ψ⊗cm)(g)
y ycm(g)
Rm ⊗1m
c˘m−−→ 1m
(2.3)
commutes because
c˘m(χ(g)g ∗ ξ ∗ g−1)cm(g) =
√−1cm(ωm)cm(χ(g)g ∗ ξ) =
√−1cm(g)cm(ωm ∗ ξ)
= cm(g)c˘m(ξ).
Notice diagram (2.3) would not commute if we replaced c˘m by cm . This is the reason we
introduced the auxiliary representation c˘m .
Let Q be the principal pinc bundle over a pinc manifold M . We complexify the representations
ψ , cm , and c˘m to extend them to pinc representations. The tangent bundle T M := Q×ψ Rm is
the bundle associated to Q by the representation ψ ; the spinor bundle 1m(M) := Q×cm 1m is
the bundle associated to Q by the representation cm . Diagram (2.3) shows that c˘m extends to a
linear map
c˘m : T M ⊗1m(M)→ 1m(M) so c˘m(ζ )2 = −|ζ |2.
Let ∇ be the spin connection on 1m(M). The Dirac operator discussed in Section 1 is defined
by
P := c˘m ◦ ∇. (2.4)
Let [(M, f, s)] ∈ MSpinm(BZ`, ξi ) for i = 0, 1, 2, 3 and let P(M) be the associated Z`
principal bundle; assume that P(M) has a spin structure. Let g` generateZ`; g` acts by isometries
on P(M). Lift g` to an action g˜` on the principal Pin bundle of P(M) and let Bg be the associated
action on the bundle 1m(P(M)) defined by cm which covers the map g`. Let Q be the Dirac
operator on 1m(P(M)) and let P be the Dirac operator on 12m(P(M)× P(M)).
2.5. Lemma. With the notation established above, we have:
(1) cm(ωm)Q = −Qcm(ωm), Bgcm(ωm) = ψ(g)cm(ωm)Bg, and
Bg Q = Q Bg.
(2) Let ζ = ξ ⊕ ξ˜ ∈ Rm ⊕ Rm = R2m. Then:
2a) c˘2m(ξ ⊕ ξ˜ ) = cm(ξ)⊗ 1+ cm(ωm)⊗ cm(ξ˜ );
2b) c˘2m(ω2m) = cm(ωm)⊗ cm(ωm);
2c) c2m(ξ ⊕ ξ˜ ) := −
√−1c˘2m(ω2m)c˘2m(ξ ⊕ ξ˜ ).
(3) 12m(P(M)× P(M)) = 1m(P(M))⊗1m(P(M)).
(4) P = Q ⊗ 1+ cm(ωm)⊗ Q.
Proof. The first assertion is imediate. We use (2a) to define c˘2m . Because m is even, c˘2m(ζ )2 =
−|ζ 2|. Thus for dimensional reasons we may take c˘2m to be the fundamental representation of
the Clifford algebra; the remaining assertions now follow. ¤
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Let B` and B2` be the induced actions of g` and g2` on the bundles 1m(P(M)) and
12m(P(M) × P(M)). Decompose 1m(P(M)) = 1+m(P(M)) ⊕ 1−m(P(M)) into the chiral
spin bundles, i.e. into the ±1 eigenspaces of cm(ωm). Let T (x, y) = (y, x). Let BT be the
action of T on 12m(P(M)× P(M)). Define the map α by setting
α(a+ ⊗ b+)(x, y) =b+(y, x)⊗ a+(y, x),
α(a+ ⊗ b−)(x, y) =b−(y, x)⊗ a+(y, x),
α(a− ⊗ b+)(x, y) =b+(y, x)⊗ a−(y, x),
α(a− ⊗ b−)(x, y) =b−(y, x)⊗ a−(y, x).
(2.6)
2.7. Lemma. With the notation established above, we have:
(1) BT =
√−1m/2α.
(2) B2` = (B` ⊗ cm(ωm)) ◦BT .
(3) If ` = 2 then [N (M)] ∈ MSpin2m(BZ4, ξ3).
(4) If ` > 4 then [N (M)] ∈ MSpin2m(BZ2`, ξ2).
Proof. We use Lemma 2.5 to see that c˘2m(ξ˜ , ξ)BT = BT c˘2m(ξ, ξ˜ ). We use equation (2.6) to
see that c˘2m(ξ˜ , ξ)α = αc˘2m(ξ, ξ˜ ). Consequently α−1 BT commutes with c˘2m(ξ, ξ˜ ). Since the
representation c˘2m is irreducible, this implies that BT = εα for some scalar ε. Let {e1, . . . , em}
be an orthonormal basis of Rm . Identify ei with ei ⊕ 0; let e˜i := 0⊕ ei . We lift the map T from
SO(2m) to Spin(2m) by defining:
T˜ = 2−m/2
∏
16i6m
(ei − e˜i ).
We have T˜ 2 = (−1)m/2 and hence B2T = (−1)2 = ε2α2 = ε2. If m ≡ 0mod 4, then ε = ±1;
if m ≡ 2mod 4, then ² = ±√−1. Assertion (1) now follows. Let f (x, y) = (g` · x, y). If
we lift f to a pin morphism f˜ , then we have that c˘2m( f˜ ) = c2m(g˜`)⊗ 1. Since f reverses the
orientation, we deduce the second assertion from the first by computing:
Bf = c2m( f˜ )
= −√−1c˘2m(ω2m)c˘2m( f˜ ) = −
√−1(c˘m(ωm)⊗ c˘m(ωm))(c˘m(g˜`)⊗ 1)
= B` ⊗ cm(ωm).
With respect to the canonical embeddings
SO(m)× SO(m) ⊂ SO(2m) and Spin(m)× Spin(m) ⊂ Spin(2m)
we have g42` = g2` × g2` and g˜42` = ±g˜2` × g˜2` . Consequently B42` = εB2` ⊗ B2` where ε = ε(m) =
±1. Thus we have B2`2` = ε`/2 B`` ⊗ B`` = ε`/2. If ` = 2, we have B44 = −1 and assertion (3)
follows. If ` > 4, then B`` = 1 and assertion (4) follows. ¤
2.8. Equivariant eta invariant. It is convenient to give a different formulation of Theorem 1.6.
Let M be a closed connected non-orientable manifold of even dimension m with pi1(M) = Z`.
Let P(M) be the principal Z` bundle defined by a Z` structure f on M . We set b = 0 if M
admits a pin− structure s and b = 1 if M admits a pinc structure s. Then ρb defines the determine
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line bundle of the structure s on M . Define the equivariant eta invariant:
η˜(M) :=
∑
t
η(M)(ρt)⊗Z ρt ∈ R⊗Z RU (Z`). (2.9)
If h ∈ Z` and if τ ∈ RU (Z`), then we define τ(h) = Tr τ(h) ∈ C; this extends to an evaluation
η˜(M)(h) taking values in C. Define τ2` : Z`→ U (2) by
τ4 = ρ−b+m/2(ρ0 ⊕ ρ1) and τ2` = ρ−b+m`/4(ρ`/4 ⊕ ρ−`/4),
i.e.,
τ4(g4) =
√−1m/2e−2pi
√−1b/4
(
1 0
0
√−1
)
if ` = 2,
τ2`(g2`) =
√−1m/2e−2pi
√−1b/2`
(
e2pi
√−1/8 0
0 e−2pi
√−1/8
)
if ` > 4.
(2.10)
Let r : Z2`→ Z` be reduction mod `; r(g2`) = g`. The dual map r∗ from RU (Z`) to RU (Z2`)
is defined by r∗(ρs) = ρ2s . Theorem 1.6 is equivalent to the following result.
2.12. Theorem. We have η˜(N ) = r∗(η˜(M)) · Tr(τ ) in R/Z ⊗Z RU (Z2`). If there are no
harmonic spinors on P(M), the equality holds in R⊗Z RU (Z2`).
Proof. We suppose there are no harmonic spinors for the sake of simplicity; the zero mode
spectrum can be treated similarly. Decompose
L2(1m(P(M)) =
⊕
λ∈R
E(λ,P(M)).
Note that Z` acts by spinor isometries which commute with the Dirac operator. Thus the
eigenspaces are representation spaces for Z` and we can decompose each eigenspace in the
form E(λ,P(M)) =⊕06s<` Es(λ,P(M)) where we have
Es(λ,P(M)) = {φ ∈ C∞(1m(P(M)) : Qφ = λφ, e2pi
√−1b/2`B`φ = e2pi
√−1s/`φ}.
Notice that E(λ, Q) = E0(λ,P(M)) and Es(λ,P(M)) = E(λ, Q ⊗ ρs) = E(λ, Qρs ). Since
there are no harmonic spinors we have
η(M)(ρs) = 12
{∑
λ6=0
dim Es(λ,P(M)) sign(λ)|λ|−z
}
z=0
so
η˜(M)(h) = 1
2
{∑
λ6=0
Tr(B(h)) on E(λ,P(M)) sign(λ)|λ|−z
}
z=0
.
Let T(λ, ·) = Tr(B(·) on E(λ, ·)) − Tr(B(·) on E(−λ, ·)) be the Z2 graded trace. Here B(h)
is the action of h ∈ Z2` on 12m(N (M)) and B(h2) is the corresponding action of h2 ∈ Z` on
1m(P(M)). Let P and Q be the Dirac operators of Lemma 2.5. We have to show
T(
√
2λ, P) = (√−1)m/2(e2pi
√−1/8 + e−2pi
√−1/8) = T(λ, Q). (2.12)
We establish equation (2.12) by giving an equivariant spectral resolution for the Dirac operator
on N (M) in terms of the equivariant resolution on M . We take an equivariant spectral resolution
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L2(1m(P(M))) =
⊕
i,s φi,s
˙C of Q where
Qφi,s = µi,sφi,s and B`e2pi
√−1b/2`φi,s = e2pi
√−1s/`φi,s .
Since Q anti-commutes with cm(ωm) we restrict to µi,s > 0 and µj,t > 0 and decompose
L2(C∞(12m(N ))) =
⊕
i,s, j,t E(i, s, j, t) where
E(i, s, j, t) := spanC{φi,s ⊗ φj,t , cm(ωm)φi,s ⊗ φj,t ,
φi,s ⊗ cm(ωm)φj,t , cm(ωm)φi,s ⊗ cm(ωm)φj,t}.
These spaces are invariant under Q. By Lemma 2.7, the spaces E(i, s, i, s) and E(i, s, j, t)⊕
E( j, t, i, s) are invariant under Z2`.
First we study the spaces E = E(i, s, i, s). Let φ = φi,s and χ = cm(ωm). Consider the
following base
²± := ±
√
2− 1,8± := φ ⊗ φ + ²±χφ ⊗ φ,9± := χφ ⊗ χφ + ²∓φ ⊗ χφ.
Relative this base the operator P of Lemma 2.5 is diagonal. In E(i, s, i, s) we have:
2B2` = µ(
√−1)m/2

√
2 2+√2 0 0√
2− 2 √2 0 0
0 0 −√2 2−√2
0 0 −√2− 2 −√2

The eigenvalues of the small 2× 2 diagonal matrices are
{e2pi
√−1/8, e−2pi
√−1/8} and {−e2pi
√−1/8,−e−2pi
√−1/8}
respectively. Let the action of g` on the +λ eigenspace of Q which is generated by φ be given
by e2pi
√−1s/` and on the −λ eigenspace which is generated by χφ be given by e−2pi
√−1s/`
. We
set
±µ := √−1−m/2 ± e2pi
√−1s/`e−2pi
√−1b/2`.
Then after a suitable change of basis, we see the action g2` on the appropriate±
√
2λ eigenspaces
of P is given by
±µ · diag(e2pi
√−1/8, e−2pi
√−1/8).
This yields equation (2.12) as desired. The other case is similar so we omit the proof. ¤
The following is an immediate consequence of Theorem 1.5, Theorem 2.12, and calculations
of Gilkey [8]
2.13. Corollary.
(1) η(N (RP4k))(ρ2s+2k) = η(RP4k)(ρs) = (−1)s2−2k−1.
(2) η(N (RP4k+1))(ρ2s) = η(RP4k+1)(ρs(ρ0 − ρ1)) = (−1)s2−2k−1.
(3) η(N (RP4k+2))(ρ2s+2k−1) = η(RP4k+2)(ρs) = (−1)s2−2k−2.
(4) η(N (RP4k+3))(ρ2s) = η(RP4k+3)(ρs(ρ0 − ρ1)) = (−1)s2−2k−2.
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3. Connective K -theory
Recall we defined tom(BZ4, ξi ) := kom(BZ4, ξi ) ∩ ker(αpi) for i = 0, 2. We use the results
of Section 2 to compute the following connective K -theory groups. Our results do not suffice
to determine the additive structure of certain groups; these are marked by ?.
3.1. Theorem. Let k > 1. We have:
k˜om(B Z4) tom(B Z4) kom(B Z4, ξ1)
m = 8k + 1 Z22k+1 ⊕ Z2 Z22k+1 Z24k+3 ⊕ Z22k
m = 8k + 3 Z24k+3 ⊕ Z22k+1 Z24k+3 ⊕ Z22k+1 Z22k+1
m = 8k + 5 Z22k+2 Z22k+2 Z24k+5 ⊕ Z22k+1
m = 8k + 7 Z24k+5 ⊕ Z22k+1 Z24k+5 ⊕ Z22k+1 Z22k+2
kom(B Z4, ξ2) tom(B Z4, ξ2) kom(B Z4, ξ3)
m = 8k ? ? Z22k+1
m = 8k + 2 Z22k+2 ⊕ Z2 Z22k+2 ?
m = 8k + 4 ? ? Z22k+2
m = 8k + 6 Z22k+2 Z22k+2 ?
Before proving Theorem 3.1, we must establish some technical results. Suppose that Ea =
(a1, . . . , ak) is a collection of odd integers. Let τ = τ(Ea) := ρa1 ⊕· · ·⊕ρak define a fixed point
free representation of Z` in U (k). The lens space associated with this representation is:
L2k−1(`; Ea) := S2k−1/τ(Z`).
Let H⊗2 be the tensor square of the Hopf line bundle over CP1 which we identify with S2. Let
βk = H⊗2 ⊕ (k − 1)1C be a complex vector bundle of fiber dimension k over CP1. Let S(βk)
be the associated sphere bundle, extend τ to a fixed point free action on S(βk). Let
X2k+1(`; Ea) := S(βk)/τ(Z`)
be the associated lens space bundle bundle over S2. Both the lens spaces L2k−1(`; Ea) and the
lens space bundles X2k+1(`; Ea) admit natural spinc structures for k > 2; they are spin if and
only if k is even. We refer to [6] for further details. Define:
(1) If k is even, let FL(Ea; λ) = λ−‖Ea‖/2 det(I − τ(λ)).
(2) If k is odd, let FL(Ea; λ) = λ−(‖Ea‖+1)/2 det(I − τ(λ)).
(3) If λ 6= 1, let GL(Ea; λ) = FL(Ea; λ)−1. If λ = 1, let GL(Ea; λ) = 0.
(4) Let GX (Ea; λ) = (1+ λa1)(1− λa1)−1GL(Ea; λ).
The following combinatorial formulas for the eta invariant of lens spaces and lens space
bundles follow from work of Donnelly [7], see also [6].
3.2. Lemma. We have:
(1) η(L2k−1(`; Ea))(ρ) = `−1∑λ∈Z`,λ6=1 Tr(ρ)GL(Ea; λ) ∈ Q.
(2) η(X2k+1(`; Ea))(ρ) = `−1∑λ∈Z`,λ6=1 Tr(ρ)GX (Ea; λ) ∈ Q.
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Let Ea2k = (1,−1, . . . , 1,−1). We have L4k+3( ·) and X4k+1( ·) are spin; we have L4k+1( ·)
and X4k+3( ·) are spinc. We define the following elements of equivariant connective K -theory.
(1) M1 = M4k+31 = L4k+3(4; Ea2k, 1, 1) ∈ ko4k+3(BZ4, ξ0).
(2) M2 = M4k+32 = L4k+3(4; Ea2k, 1, 3) ∈ ko4k+3(BZ4, ξ0).
(3) M3 = M4k+13 = X4k+1(4; Ea2k−2, 1, 1) ∈ ko4k+1(BZ4, ξ0).
(4) N1 = N 4k+11 = L4k+1(4; Ea2k, 1) ∈ ko4k+1(BZ4, ξ1).
(5) N2 = N 4k+12 = L4k+1(4; Ea2k, 3) ∈ ko4k+1(BZ4, ξ1).
(6) N3 = N 4k+33 = X4k+3(4; Ea2k, 1) ∈ ko4k+3(BZ4, ξ1).
By Theorem 1.10 η(·)(ρ) defines an R/Z or R/2Z valued invariant of ko∗(BZ4, ξi ) for
i = 0, 1. We use the formulas from Lemma 3.2 to compute the eta invariant of these manifolds.
3.3. Table.
ρ0 ρ1 ρ2 ρ3
M1 −2−2k−4 − 2−k−2 2−2k−4 −2−2k−4 + 2−k−2 2−2k−4
M2 2−2k−4 − 2−k−2 −2−2k−4 2−2k−4 + 2−k−2 −2−2k−4
M3 0 −2−k−1 0 2−k−1
N1 −2−2k−3 − 2−k−2 2−2k−3 − 2−k−2 −2−2k−3 + 2−k−2 2−2k−3 + 2−k−2
N2 2−2k−3 − 2−k−2 −2−2k−3 − 2−k−2 2−2k−3 + 2−k−2 −2−2k−3 + 2−k−2
N3 −2−k−2 2−k−2 2−k−2 −2−k−2
We also use a computation of the orders of the equivariant connective K -theory groups by
Botvinnik and Gilkey, see [4] for details:
3.4. Table.
|k˜om(BZ`, ξ0)| | kom(BZ`, ξ1)| | kom(BZ`, ξ2)| | kom(BZ`, ξ3)|
m = 8k 2 1 22k+1 22k+1
m = 8k + 1 2(`/2)2k+1 (2`)2k+1 2 1
m = 8k + 2 2 1 22k+3 22k+1
m = 8k + 3 2(2`)2k+1 (`/2)2k+1 2 1
m = 8k + 4 1 1 22k+2 22k+2
m = 8k + 5 (`/2)2k+2 (2`)2k+2 1 1
m = 8k + 6 1 1 22k+2 22k+2
m = 8k + 7 (2`)2k+2 (`/2)2k+2 1 1
Proof of Theorem 3.1. Since the manifolds Mi and Ni admit metrics of positive scalar cur-
vature, the Aˆ(Mi ) = 0 and Aˆ(Ni ) = 0 and these manifolds belong to tom . We apply Gaussian
elimination to Table 3.3 to determine the range of the eta invariant applied to these manifolds and
to obtain a lower bound of the subgroups of the appropriate connective K theory groups which
are spanned by these manifolds. We compare this lower bound with the upper bound given in
Table 3.4 for ` = 4 to establish the second assertion. The only difference between tom(BZ4, ξ0)
and k˜om(BZ4, ξ0) is in dimension m = 8k+1; the extra factor ofZ2 arises because the extension
in equation (1.13) splits. This completes the proof of Theorem 3.1 for m odd.
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The twisted products of real projective spaces are the non-orientable manifods that we use
to compute the equivariant connective K -theory groups kom(BZ`, ξi ) for i = 2, 3; N (RP2k) ∈
ko+4k(BZ4, ξ3) and N (RP
2k+1) ∈ ko+4k+2(BZ4, ξ2). We use Corollary 2.13 to compute the eta
invariant of the manifolds N (RP j ) and obtain a lower estimate of the order of the subgroup of
tom generated thereby. We use the upper estimate of the orders of the equivariant connective
K -theory groups given in Table 3.4 for ` = 4. This establishes the result for tom(BZ4, ξ2)
and kom(BZ4, ξ3). Since the short exact sequence in equation (1.13) splits we have the final
result. ¤
4. Moduli space of metrics of positive scalar curvature
Two metrics gi are said to be geometrically bordant if [(M, f, s, g1)] equals [(M, f, s, g2)]
in the geometrical spin bordism groups +MSpinm(BZ`, ξ) defined previously. Let R(M) be the
space of metrics of positive scalar curvature on a manifold M and let M(M) := R(M)/Diff(M)
be the associated moduli space.
4.1. Theorem. Let M be a non-orientable manifold of even dimension m > 6 with fundamental
group Z2` whose universal cover is spin and which admits a metric of positive scalar curvature.
Then M(M) has an infinite number of components and there exists a countable family of metrics
gi of positive scalar curvature on M which are not geometrically bordant if one of the following
cases holds:
(1) ` = 2, m ≡ 0mod 4 and ω2(M) 6= 0.
(2) ` = 2, m ≡ 2mod 4 and ω2(M) = 0.
(3) ` = 4, m ≡ 0mod 4 and ω2(M) 6= 0.
(4) ` > 4, and m ≡ 2mod 4 and ω2(M) = 0.
(5) ` > 8, and m ≡ 4mod 8, m > 12 and ω2(M) = 0.
We shall need a technical result to prove Theorem 4.1; the cases i = 0, 1 were proved by
Botvinnik and Gilkey [4] using work of Gromov and Lawson [10], Rosenberg [16], Rosenberg
and Stolz [17] and Schoen and Yau [20]. We omit the proof in the cases i = 2, 3 as the extension
is elementary.
4.2. Theorem. Let ρ ∈ RU (Z`). If m is even, assume that i = 2, 3; if m is odd, assume
that i = 0, 1. Let M be a closed connected manifold with fundamental group Z` so that
[(M, f, s)] ∈ MSpinm(BZ`, ξi ) for m > 5.
(1) If [(M, f, s)] = [(M1, f1, s1)] in MSpin(BZ`, ξ) where M1 admits a metric of positive
scalar curvature g1, then M admits a metric of positive scalar curvature g so [(M, f, s, g)] =
[(M1, f1, s1, g1)] in +MSpin(BZ`, ξ).
(2) Let [(M2, f2, s2, g2)] = 0 in +MSpin(BZ`, ξ). Then η(M2)(ρ) = 0 in R.
(3) Suppose that M admits a metric of positive scalar curvature and that there exists
[(M3, f3, s3, g3)] in +MSpin(BZ`, ξ) with η(M3, f3, s3, g3)(ρ) 6= 0 in R. Then M(M) has
an infinite number of components and there exists a countable family of metrics gi of positive
scalar curvature on M which are not geometrically bordant.
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Proof of Theorem 4.1. We use Theorem 4.2; consider the following manifolds. Let ` = a be
2 primary.
(1) Let m = 4k, ξ = ξ3 and M := RP4k .
(2) Let m = 4k + 2, ξ = ξ2 and M := RP4k+2.
(3) Let m = 4k, ξ = ξ3 and M := (S2k × S2k)/Z4.
(4) Let m = 4k + 2, ξ = ξ2 and M := (S2k+1 × S2k+1)/Za.
(5) Let m = 8k + 4, ξ = ξ2 and M := ((S2k+1 × S2k+1)× (S2k+1 × S2k+1))/Za.
We use the formulas in Theorem 1.6 to show that the eta invariant is non-trivial on these
manifolds. ¤
5. The Gromov–Lawson–Rosenberg conjecture
We can prove this conjecture for some special cases in the non-orientable setting.
5.1 Theorem. Let M be a connected closed non-orientable manifold of dimension m with
pi1(M) = Z4. Assume that M admits a flat pinc structure.
(1) If m = 4k > 8 and if ω2(M) 6= 0, then M admits a metric of positive scalar curvature.
(2) If m = 4k+2 > 6 and ifω2(M) = 0, then M admits a metric of positive scalar curvature.
Proof. We use results from [2, 4] to see that to prove the theorem, it suffices to show that
ko+m(BZ`, ξ) = ker(αpi) ∩ kom(BZ`, ξ). Recall that we have
to8k+2(BZ4, ξ2) := ko8k+2(BZ4, ξ2) ∩ ker( Aˆ).
= ko8k+2(BZ4, ξ2) ∩ ker(αpi).
It suffices to show ko+8k+2(BZ4, ξ2) = to8k+2(BZ4, ξ2). This follows from Theorem 3.2. This
proves the second assertion; the first one is similar. ¤
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